SINGULAR CARDINALS AND SQUARE PROPERTIES

MENACHEM MAGIDOR AND DIMA SINAPOVA

ABSTRACT. We analyze the effect of singularizing cardinals on square
properties. By work of Dzamonja-Shelah and of Gitik, if you singular-
ize an inaccessible cardinal to countable cofinality while preserving its
successor, then [, ., holds in the bigger model. We extend this to the
situation where every regular cardinal in an interval [k, V] is singularized,
for some regular cardinal v. More precisely, we show that if V" C W,
Kk < v are cardinals, where v is regular in V, k is a singular cardinal in
W of countable cofinality, cf" (7) = w for all V-regular x < 7 < v, and
wHY =Y, then W = Oy o

1. INTRODUCTION

The square principle was isolated by Jensen in his fine structure analysis
of L. Square at k, U, states that there exists a sequence (C, | a < k™)
such that each C, is a club subset of «, 0.t.(Cy) < k, and if § € lim C,,
then Cy, Nd = Cs. There are various weakenings allowing multiple guesses
for the clubs at each point. More precisely, the principle [, \ states that
there is a sequence (C, | @ < k™), such that:

(1) 1 <|Co| < A,
(2) every C € Cqy is a club in «, 0.t.(C) < &,
(3) if C € Cy and § € lim(C), then CNé € Cs.

Square principles hold in models that sufficiently resemble L. On the
other hand they are at odds with reflection properties and fail above large
cardinals. For example, there is tension between failure of SCH and failure of
the weaker square properties. One reason is that it is difficult to avoid weaker
square principles at singular cardinals. The standard way of singularizing
cardinals is by Prikry forcing, and Cummings and Schimmerling showed in
[2] that after Prikry forcing at &, O, holds in the generic extension. More
generally, by arguments in Gitik [4] and independently in Dzamonja-Shelah
[3], it was implicit that if V' C W are transitive class models of ZFC such
that x is an inaccessible cardinal in V', singular of countable cofinality in W,
and (k7)Y = (k™) then W |= O, . On the other hand in Gitik-Sharon
[5], a forcing was constructed where r is singularized, (x*“*1)V" becomes
the successor of x, and weak square of x fails in the generic extension.

The second author is partially supported by the National Science Foundation under
Grant No. DMS - 1362485.
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The natural question is what happens if x is singularized and an interval
of cardinals above k is collapsed. In this paper we show that if V. C W
are such that & is a cardinal in V and W, cf"' (k) = w, v > & is a regular
cardinal, every V-regular cardinal 7, k < 7 < v has cofinality w in W, and
(vH)V = (kM)W then Oy, holds in the outer model. Similarly to what was
done in [3] and [4], we show the existence of a “pseudo Prikry sequence”
witnessing that v is singular in the bigger model. Moreover, for v = k™" for
some n, we generalize these arguments to obtain a pseudo Prikry sequence
in W through P,((*)"). We use the term “pseudo Prikry” because the
properties of these sequences will be the best approximation of the genericity
of a Prikry sequence, without referring to any measure.

We will use the following notation: cof(7) and cof(< 7) denote points
of cofinality 7 and less than 7, respectively. Similarly, we write cofW(T) to
denote the points of cofinality 7 in W. For a set C, lim(C) is the set of all
limit points of C' and nacc(C) is the non-limit points of C.

2. PSEUDO PRIKRY SEQUENCES

We start with a fact due to Shelah, whose proof can be found in [6],
Theorem 2.14.

Proposition 2.1. Suppose that v > k > Ry are cardinals, where v is regular.
Then there is a sequence (S5 | § < v) of stationary subsets of v, such that
Us<, Ss = vt Ncof(< k) and each Ss carries a partial square sequence
(OO | a € S5 N Lim). More precisely:

e cach C9 is a club subset of o with 0.t.(C%) < k, and
o if B €lim(Cy), then 8 € S5 and C3 N 3 = C}.

Theorem 2.2. Suppose V. C W are such that Kk < v are cardinals in V,
v is reqular in V, (w)V < &k, fW(k) = w, for all V-regular cardinals,
7,k <7 <v, V1 =w, and vV = (k")W. Suppose that (D, | a <
(v )V € V is a sequence of club subsets of v. Then in W there is a sequence
(6, | n < W) cofinal in v, such that for every a < (vH)V, for all large n,
0n € Dy. Furthermore, for any A < K, such that X is regular in W, we may
assume that for all n, cfV (8,) > .

Proof. Note that we are not assuming that s remains a cardinal in W.
Denote p := v™, and let (D, | @ < p) € V be club subsets of v. First we
will construct a sequence (d,, | n < w) meeting each of these sets on a final
segment. Then we will amend the argument to ensure that the cofinality is
as desired.

In V, let (S5 | 6 < v) be as in Proposition 2.1. In particular, each S
carries a partial square sequence of clubs of order type less than k. Since
Us<y Ss = pNcofV (< k) > pnecof (wr), let § < v be such that in W,
Ss N cof W (wy) is stationary, and denote S := Ss. Let (Cy | a € S) be the
corresponding partial square sequence.
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Claim 2.3. In V there is a sequence (D7 | e < u) of club subsets of v, such
that

(1) For each o < p, D}, C D,,
(2) For every a < B <p, |[D5\ D3| <v
(3) For everya < < p, €S, ifaeCp, then D C Dy,

Proof. Work in V. Let Dy = Dy. Suppose we have defined (D}, | a < f3),
B<u IfBeS, set

Dj=DgNAacsDin () D
OtECﬁ

If 3¢ S, let D = Dg N NacpDy
O

In W, let (A, | n < w) be an increasing cofinal sequence in v. Let I,, be
the interval (A, Ap+1). For every a < p, let do, = {n | DX NI, # 0}, and
define a sequence (\S | n € dy), by setting

Ao =sup(DiN1I,).

Note that for a < f, dg \ dy, is finite, and if g € S, € Cs, then dg C da.
Also, it follows that for all large n, if /\ﬁ is defined, then so is AS and /\E <A

Denote E, := (\Y | n € d,). For a < 8, we say that there is a major
change between o and B if E,/AFg is infinite. We claim that for o < 8 < v,
if there is a major change between o and [, then there is a major change
between « and 7. For otherwise, if E,AE, is finite, then for all large n,
AN = An, when defined. So, for all large n, A} < /\E <A\ = A, which
means that E,AFEg must have been finite as well.

Claim 2.4. There is some «, such that for every a < 8 < p, there is no
major change between o and (3.

Proof. Otherwise, for every «, let f(a) > « be such that there is a major
change between a and f(«). The set C :={a < u | (V8 < a)(f(B) < a)}
is club, so pick a € lim(C) NS Ncof (w;). Let (o | i < wi) be a cofinal
sequence through lim(Cy) N C. Then if i < j < wi, Dy C Dy, and so
do; C do;. Then (dq, | @ < wi) must be eventually constant. So, let d be
such that for all large ¢, d = d,,.

Now for every n € d, the sequence (A" | i < wy) is weakly decreasing,
so for some i, < w; and \,, we have that for all i > i,, Aoi = An. Set
i = Sup,eqin < wi. Let E:={A, |n €d}. Then for all £ > i, E, = E.

But for i < § < ¢, since ag € C, we have that f(ag) < ag, so there is a
major change between a¢ and ag. But E,, = £ = E, o Contradiction

O

Now let v be as in the claim and set F := E,. Then F is the desired
sequence, i.e. for all § < u, on a final segment F is contained in DE.
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Next, we show how to get a sequence (0, | n < w) as obtained above, but
with the additional requirement that for all n, cf(d,) > A (in ). We follow
the argument in Dzamonja-Shelah [3]. First note that for any club D C v,
the set

{6 € D]o.t.(DnNyd) is divisible by A}

is club, such that if § is a non-limit point in that set, then ch((S) > A

Fix a sequence (a5 | 6 < v) € V, such that each as is a club subset of
§ with order type cf¥ (§). We define a sequence of clubs (D* | o < p)
by induction on . Set Di* = {6 € Dy | o.t.(Dg N d) is divisible by A}.
Suppose we have already defined (D3 | a < ). If B € S, let Djy =
Dg N DacpDE" NNoee, D& 1B ¢S, let Djy = Dg N ANyepDE*. Then set
Dgr = {6 € Dj | 0.t.(DjzN0) is divisible by A}.

Then (DX | a < p) satisfy (1), (2), and (3) in Claim 2.3, with the new
key property that if § € nacc(D}*), then cf" (8) > .

Now, for a < p, let T§' := FE,, where E, is defined above, but with
respect to D", and let

T 1 =Ty U{sup(pN D) |

(36 € T2 NcofV (< \)p € ag, p > sup(DE N pNTY)}.
Set T* = |J,, T} Note that T“ C D}*.

Claim 2.5. If § € nacc(T®), then cf" (§) > A.

Proof. Otherwise, suppose & € nacc(T®) and cf" (§) < A. Then, by defini-
tion of D*, 0 ¢ nacc(D}*) i.e. € im(D%*). So 6 = sup({sup(p N D) |
pE a(;}). ~

Since 0 € nacc(T?), asNT* must be bounded in §. Let § < § be such that
TN (5\6) = 0. Then for all p € as\ 6, p > sup(D*NpNT). Now let n be
such that § € T.¢. Then since cf" (§) < A, {sup(pND%*) | p € as\d} C T, .
So sup(as N D) < 6. Then § € nacc(D*), and so cfV (8) > \. O

We say that there is a major change between o and 3 if T*AT? is un-
bounded in v. By running the same argument as above we get that there
is some «, such that for all o < 8 < pu, there is no major change between
o, 3. The only difference here is that we take S, such that S N cof"V'()) is
stationary. Then setting T' := T'%, we have that for all § < pu, for some 9,
T\éC Dy

Then let (4, | n < w) be cofinal in nacc(7"). This sequence is as desired.

O

Next we generalize to club subsets of P, (k™). In the arguments below,
for a set of ordinals y we define the characteristic function of y,x, to be a
function defined on the regular cardinals < sup(y) where x,(n) = sup(y N
n). We will need the following claim.
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Claim 2.6. Let k be a regular cardinal, m a natural number. Then there is
a club D of P(kt™) such that for all z,y € D if for all i < m, Yo (KT8 =
xy(£1") and cf(x. (k1)) is uncountable, then x = y.

Proof. Let x be some big enough cardinal, and <, be a well-ordering of
Hy. Let D' = {M N&™ | M < (Hy,€,<y ...),|M| < k,(Vi < m)r*® €
M,MNk € k}. Then D'N{x | (Vi < m)(cf(xz(kT)) > w) — x is w-closed}
contains a club, so let D be a club contained in it.

Suppose z,y € D are such that for all i < m, x,(k"?) = x, (k") and
cf (xz (k™)) is uncountable. Since z,y are both w-club in a := sup(x), z Ny
is also w-club in a. Now let M, N witness that x,y € D. By induction on i,
we show that N k¥ C yN k1 For i = 0, this is is given. Fix ¢ > 0. For
every p € zNyNrkti, with |p| = k71, by elementarity the <y-least bijection
from x*i! to pis in M N N. Since by induction M N x+i=! = N nxti-L
we get that M N p C N N p. By doing this for all p € z Ny N &, we get
Nk Cynktt Taking i = m, we get x C y.

By an identical argument y C z, and so they are equal. ([l

Below V' C W are two transitive models of set theory. When we use some
set theoretic terminology or notation like “a regular cardinal”, % etc. we
shall mean it in the sense of V, unless otherwise stated.

Theorem 2.7. Suppose that k is a reqular cardinal in V, and m < w
is such that in W rk,k%,... k7™ all have cofinality w, (w1)" < &k, and
(k)W = kT In V et (D | @ < &T™FY) be a sequence of clubs of
P.(kT™) . Then in W there is a sequence (z, | n < w) of elements of
P.(kt™), such that for every a < k™™ for large enough n < w, x,, € Da.

Moreover, if A\ < Kk is an uncountable reqular cardinal in W, we can

assume that for n < w and k < m, cfV (xu, (k7)) > A

Proof. We shall prove the theorem by induction on m. The case m = 0
follows from Theorem 2.2. Suppose the theorem is true for m. In order to
prove the theorem for m + 1 we shall use the theorem for m and n := k™
in place of k. Set § = k™! = ™™ and p = §+. Using Claim 2.1, fix a
stationary set S C pNcof” (< \) such that there is a partial square sequence
on S, (Cy | a € S), and such that S N cof' (\) is stationary. As usual we
can assume that the order type of Cy, for o € S is < A.

Let (D, | @ < p) be a sequence of clubs in P, (). We can assume without
loss of generality that for all & < pu, Dy, C D, where D is the club defined
in Claim 2.6.

Claim 2.8. In V there is a sequence (D!, | « < u) of club subsets of P(0),
such that:

(1) For each o < p, DI, C D,
(2) For all o < B < p, there is v < 8, such that D\ D, C {z | v ¢ x}
(3) Foralla < 8 < p, with B € S, if a € Cg, then Djy C Dy,.
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Proof. Work in V. For every 8 < pu, fix a one-to-one function fg : 8 — 0.
Let D} = Dy. Suppose we have defined (D), | a < ). If 5 € S, set

/o / !
Djy=Dsn{z|ze€ ﬂDfﬁ_lm}m  D..

YET aECB
Otherwise, let Dy = DgN{z [z € ¢, D}Elm}'
(D!, | @ < p) is as desired. The v in item (2) is v = fg(c). O

By applying the above claim and shrinking the D,’s if necessary, we may
assume they satisfy the conclusion of the claim. For o < p, fix an algebra
with A many operations on §, A,, such that every z € P,(d) which is a
subalgebra of A, is in D,. By our assumptions about D,, we can arrange
that for a < 3 there is p <  such that a subalgebra of Ag containing p is
also closed under the operations of A,. Also we can arrange that if « is a
limit point of Cg, then a subalgebra of Ag is closed under the operations of
Aq. (The last clause is the one that requires the algebras to have A many
operations.)

For o < p, let D}, be the club in P,(6) defined by being a subalgebra of
A.. By the induction assumption for m, n and A > (wl)W and the sequence
of clubs (D} | a < p), we get a sequence (zj | k < w), such that for every
a < p for large enough k, 2z € D). Without loss of generality, we can
assume that (z; | K < w) is C increasing and k£ C zp. Also we choose the
2k’s, so that the characteristic function x., (k*¢) has W-cofinality at least
A

Since for i < m + 1, ch(/i“) = w, we fix in W a C-increasing sequence
(tn, | n < w) of elements of P,(d) such that U,<,t, = d§ and for all n < w
tn C zn.

Below, we will construct the desired sequence (z, | n < w) to be such
that t,, C 2, C 2, and for 0 < i < m + 1 xz, (k1) = Xz, (k7). Note that
since cf (., (k1%)) > X, we have that the cofinality of this ordinal in V is
uncountable and below k.

For a < p,n < w, in V, define E to be the set of & < &, such that there
exists y € P, (d), such that:

e y is closed under the operations of A,,

ey Nk = 6)

e for 0 <i<m+1, xy(kT) = x,, (k™) and
* i, Cy.

Note that because of Claim 2.6 above the y in the definition of E7 is uniquely
determined by y N, and that y C z,. It is easily seen that E7 is a club in
K.

Claim 2.9. (1) Let a < B < p then for large enough n < w, Ej C Ey.
(2) If « < B are both in S such that o is a limit point of Cg then for
every n, EE C EV.
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Proof. Pick p < 0 such that any subalgebra of Ag containing p is closed
under the operations of A,. Let n be large enough such that p € ¢,,. Then
for £ € E} let y be the (unique) witness for this. Then since ¢, C y, p € y,
and then y also witnesses { € E}.

The argument for the second clause in the claim is completely analogous.

O

In order to deal with the requirement that the cofinality in W of the values
of the characteristic function of the required x, will be at least A, for every
¢ < k with ofV(€) < \, we fix (in W) a club e¢ in £ of order type less than
A. Let C be a club in &, and for 7 < ¢ < k define the operation T(C,~, o)
by induction as follows: If C' N [y,0] = 0, let T(C,v,0) = (. Otherwise,
let ¢ = sup(C N [y,0]). If cf(&)W > A, then T(C,v,0) = {£}. If the two
previous cases fail let

T(C,v,0):=

{{Hu U{T(C,’y, ) | 4,0 are two consecutive memebrs of (e¢ \ v) U {7}}.

It is easily seen by induction that T'(C,~v,0) is a subset of C' N [y,0] of
cardinality less than A.

Claim 2.10. Let C be a club in r and v < 0 < k. Assume that CN[y,o]N
cof V(> \) # 0 then T(C,~,0) NcofV' (> \) # 0.

Proof. By induction on ¢. Denote T' = T(C,~,0). By assumption we can
pick ¢ € C'N[y,0] Ncof' (> \). Since ¢ := sup(C N [y,0]) € T, there is
p € T, such that p > ¢. Let p be the least such. If cf'(p) > X we are
done. Otherwise v < ¢ < p. Then there are two consecutive members of
(ee\v)U{~}, ¥ < &, such that { € [},5]. Since ¢ < p < o, by the induction
assumption, we get ¢ € T(C,7,5) with ¢t (¢) > \. But T(C,7,5) C T, so
ceT. O

Claim 2.11. Let (G, | p < ) be a C-decreasing sequence of clubs of k, each
of them in V. (The sequence does not have to be in V). Let v < 0 < K.
Then the sequence (T'(G,,v,0) | p < A) is eventually constant.

Proof. We prove the claim by induction on o. If for some p < A, GzN[y, 0] =
0, then for p > p, T(G,,7,0) = 0, and we are done.

So assume otherwise and let £, = sup(G, N [v,0]) = sup(T(Gp,v,0)).
This is a non increasing sequence of ordinals, so without loss of generality
we can assume that it is a constant ¢ for all p. If cfV'(¢) > A, then for
every p T(G,,7,0) = {€}, and so it is constant. If cf" (¢) < A then for each
two successive points in e¢ ,3, 7, by the induction assumption T'(G,,%,7) is
eventually constant. Since |e¢| < A, we can find p < X and T%(%,5) such
that for p > p , T(G),7,5) = T*(7,0). Then for all p > p, by definition,
T(Gpa s 0) is

{£Hu U{T* (7,0) | 4, dare two consecutive memebrs of (eg \ v) U {7v}}

and so we are done. O
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Claim 2.12. Let E C G C H be three clubs in k and v < 0 < k. Assume
that T(H,~,0) # T(G,~,0) then T(E,~,0) # T(H,~,0).

Proof. By induction on o. The only nontrivial case is when T'(E,~, o) # (.
Then clearly T(G,~,0) # 0 and T(H,~,0) # 0. So ég = sup(E N [y,0]) =
Sup(T( 7V, O )) Sa = Sup(E N h/ao-]) = Sup(T(G,’y,O’)), §n = Sup(H n
[v,0]) =sup(T(H,~,0)) are all defined and {g < {a < &py. If &g < &g then
(g < &p and the claim is proved. So assume &g = €. If &g < &g then
again the claim is verified.

So assume & = &p = &g = &y, If ofW(€) > A then T(H,v,0) =
T(G,v,0) = {£}, contradiction with the assumption of the claim. Then
cf"(€) < A, and so there must be two successive points in e¢ 7,0 such
that T(G,7,0) # T(H,7,5). By the inductive hypothesis T(E,7,5) #
T(H,7,5), and so T(E,v,0) # T(H,~,0). O

Fix a sequence of order type w, cofinal in k , (k, | n < w). For a < p and
n < w, define
dy = |J T(EZ, #xs mxp1)-
k<w
For a < B8 < u we say that there is a major change between o and 3, if
there are infinitely many n’s such that d} # dj.

Claim 2.13. Let a < 8 < v < u and suppose that there is a major change
between o and 5. Then there is a major change between o and .

Proof. By claim 2.9 there is 7 < w, such that for every n > 7, we have that
E} C By C Ej. By assumptions the set R = {n | dy # dj3} is infinite . By
cla1m212f0rn€RnZn dy # df.

O

Lemma 2.14. There is a < p, such that for a« < g < «, there is no major
change between B and .

Proof. By claim 2.13 it is enough to see that there is a < p such for all
a < B there is no major change between o and [. If this fails, then for
every a < p, let f(a) > « be such that, there is a major change between «
and f(a). Let G be the club of the ordinals in p which are closed under the
function f.

Since SNcofV () is stationary in y, pick ¢ € SNG such that cfV (¢) = \.
Let H = GNlim(C;). Since X is uncountable, H is a club in ¢ of order type
A and H CS.

If « < 8 are both in H, then « is a limit point of C3, and so by claim 2.9,
for all n <w, Ej C E7. Then for all n < w, the sequence (Ey | a € H) is
a decreasing sequence of A-many clubs in k. Hence by applying claim 2.11
w-many times, for each n, we get that there is &« € H, such that for all n and
all B € H,a < j3, dy = dj. By definition of G, a < f(a) < B. Then there is
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major change between a and f(«), but there is no change at all between «
and 3, which contradicts claim 2.13. O

Fix a < p, such that there is no major change after o and define d" =
d. For every n < w, as a club in x, B} contains unboundedly many
ordinals of cofinality > A. Then, by claim 2.10, for every n < w, d"™ also
contains unboundedly many ordinals of cofinality > A. Hence we can define
an increasing sequence of ordinals cofinal in &, (p, | n < w), such that for
all n, p, € d” and cfV'(p,) > \.

Claim 2.15. For every 8 < u, for large enough n, p, € Ej.

Proof. If B < «, then for large enough n E? C Ef, so for large enough
n, d* C EI' C Eg. If a < 3, then by definition of «, for large enough n,
dg =d} = d", and so again d" C Eg. This implies that for for every 8 < p,
for large enough n, p, € E}. O

We can now finish the proof of the theorem. For n < w, let x, be
the unique member of P.(d) such that =, € D, for all 0 < i < m+1
sup(z, N £+ = sup(z, N k™) and z, Nk = p,. Such =z, exists since
pn € E7. Also note that automatically we get ¢, C x,.

We claim that the sequence (z,|n < w) is as desired. Let 5 < p, and let
n be large enough, so that p, € Eg Then by definition of E}, x,, € Dg.

O

3. CONSEQUENCES ON SQUARE PROPERTIES

Theorem 3.1. Suppose V.C W and k < v are such that, v is a reqular
cardinal in' V', k is a singular cardinal in W of countable cofinality, for all V -
reqular cardinals T, with k < 7 < v, W = cf(1) = w, and (v)V = (xH)W.
Then in W, U, holds.

Proof. Work in V. Denote u := vT. Let x be some big enough cardinal, and
<, be a well-ordering of H,.. For a < p with cf(a) < &, let (M§' | 6 < v) bea
continuous C-increasing sequence of elementary submodels of (H,, €, <y, ...),
such that:

(1) a,k € Mg,

(2) for each 0 < v, |M§| < v,

(3) for each 6 < v, Mg*Nv € v.

Claim 3.2. For all o < pi, § < v with cf(6) > w, if Mg N« is cofinal in o,
then M N« is w-closed.

Proof. Suppose for contradiction that (5; | i < w) is an increasing sequence
of points in Mj' N «, such that B := sup; B; ¢ Mg Na. Let f* be the least
ordinal in M§' N o above B. If ¢f(8*) = A < v, then A € M¢ Nv € v. Then
A+1C Mg, and so My is cofinal in $*, which is a contradiction.

It follows that the cofinality of 8* must be v. Say M = h :v — " is
cofinal. For every 4, let 8} € ran(h)\ f;. The order type of ran(h) is v N M.
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And cf(v N M§) = cf(d) > w. So there is something in the range of h above
B. Contradiction with the choice of g*.
U

Claim 3.3. Let a < pi. Dy := {sup(M§Nv)|d < v} is club in v.

Proof. D, is closed by construction since the sequence is continuous. To see
that it is unbounded, note that v C (J5 M§*. Note that this also implies that
a C |Js Mg, since the <,-least function in H, from v onto « is in each M.

O

By Theorem 2.2 there is a sequence (\; | i < w) € W, such that for all
large 4, \; € D, and for all i, cf" ();) > w. For a < p with cf(a) < &, de-
fine C, := {Mfﬁa la< B < p,d< V,Mf is cofinal in 8 and «, (Hi)Mf N
(v)V = N} Here Mf N« denotes the closure of Mg N «. Otherwise,
cfW(a) = w and we let C, be a singleton of some w-sequence cofinal in
a.

Claim 3.4. 1 < |C,| < w.
Proof. Each C, is nonempty because for all large 7, \; € D,. Now suppose
B3,3,0,0" are such that:

. Mfﬂy:Mg/ﬂV:Ai,

° Mf, M(’gl are both cofinal in a.
We want to show that M&ﬂ Na = Mgl Na. If cf(a) = w, then a € M(?,Mg.
By elementarity, the <,-least function from v onto « is in M(’?ﬂl/ = M(gl Nv,
and the result follows. Now suppose that cf(a) > w. We have cf(d) =
cf(0’) = cf(\;) > w. Then M(Sﬁ N a,Mg N« are both w-clubs in «, and so
M(Sﬁ N Mgl N« is an w-club in «. By the above for any n € Mf N Mf,/ Na,
Mfﬁn:Mgﬁn,andsoMfﬂa:Mf,/ﬂa. -

Next we use (Cq | o < p) to obtain a O, sequence. Since v has cardinal-
ity x in W, there is a sequence (Fg | 8 < v), such that each Fjp is a club in
B of order type at most «, and for § € lim(Fg), FgNé = F5. This is similar
to arguments in Section 6.1 of [1].

Now enumerate C, := {Cf | n < w} and let each Cg = {7?” | € < vl
where v = 0.t.(CY) < v. Define EfY := {’y?’n | £ € Fa} and let &, = {E] |
n < w}. It is routine to verify that (&, | @ < p) is a O, sequence.

([

We conclude with some open question.

m

Question 1. Can we replace k™™ in Theorem 2.7 with any (possibly singu-

lar) V -cardinal v?

We remark that by [5], we cannot take v to be singular in Theorem 3.1.
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Question 2. Can we get a similar result as in Theorem 3.1 for uncountable
cofinality?

The main obstacle here would be to deal with the points whose V-
cofinality is k when trying to build a square sequence.

(1]
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